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The solution to large-scale power deficit in the cosmic microwave background fluctuations may
be relevant with the physics in the preinflationry period, and significantly depends on whether the
initial conditions are set as Bunch-Davies vacuum or thermal ground state. We show the primordial
cosmological perturbations based on the preinflationary model with three phases at different
thermal initial conditions. The influences of different thermal initial states are studied by the
detailed discussions of the adjusting role of model parameters on the power spectrum. Finally, this
paper gives the solution to large-scale power deficit in the cosmic microwave background fluctuations.
1. INTRODUCTION
For the early universe, the standard cosmological
model explains the cosmic microwave background (CMB)
radiation and the formations of large-scale structures,
but is plagued with some problems, such as horizon, flat-
ness, entropy, homogeneity, isotropy and monopole[1–4].
For these problems, the slow-roll inflation model with sin-
gle scaler field provided a successful solution. It gives the
power spectrum for the density perturbations and gravi-
tational waves originated from quantum fluctuations dur-
ing the standard inflationary stage that successfully ex-
plains various observations on CMB radiation and the
distributions of the galaxies in various large-scale struc-
ture observations[5–9]. But recently updated observa-
tional data about the information of early universe from
WMAP [10–12] and Planck [13–16] point out that the
standard slow-roll inflation can’t explain the large-scale
power deficit in CMB TT-mode spectrum, an increas-
ingly indisputable result fortified by the continuously im-
proving data reliability. Many models about preinflation
are attempted at as possible explanation for this discrep-
ancy. At least for the case when the slow-roll inflation
last for just the minimal necessary e-folding numbers
[17], the large-scale power spectrum anomalies may be
attributed to the preinflationary non-slow-roll evolution.
Thus far, the continuous evolutions of the physical pro-
cesses, for example the continuous evolutions of universe
scale factor and the state parameters of fields, during the
preinflationary stage of cosmic evolution, have not been
successfully constructed. What researchers have been
able to build are the models which divide the preinfla-
tionary period into multiple sections or phases for which
the two-phase cases have been studied in detail[18]. The
problem about these models is the discontinuity of the
field state parameters between adjacent phases, and the
difficulty of continuously connecting the universe scale
factor across adjacent phases. Our work analyzes in de-
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tail the models with three preinflationary phases to push
forward the endeavor of more powerful model construc-
tions. The freedom in the arrangement of the behav-
ior of the state equations for the three-phase preinfla-
tionary models rewards the knowledge to distinguish the
preinflationary phases into expanding and/or contracting
stages. Thus, according to the expanding or contracting
characters of the preinflationary phases, the three-phase
preinflationary model we study can be divided into two
types, the superinflation case and the bounce case. In
the superinflation case, the universe is always expanding
throughout the whole preinflationary stage, till it con-
nects to the slow-roll inflation of the standard cosmo-
logical studies[19–27]. In the bounce case, the universe is
initially in a contracting phase, before it bounces into the
expanding phase that again connects to the slow-roll in-
flation of the standard cosmological studies [30–39]. Both
the two types of the models can explain the lager-scale
power spectrum anomalies in CMB TT-mode spectrum
by adjusting the model parameters.
A drawback in the usual calculations of the primordial
perturbations in the multiple-phase preinflationary mod-
els is that, the initial condition for the quantization of the
perturbations at the earliest preinflationary phase is al-
ways set as the Bunch-Davies vacuum (BD vacuum)[40].
However, the evolution and the physics of the universe in
the preinflationary period would unavoidably deflect the
initial condition away from the naive considerations em-
ployed in the multiple-phase preinflationary models[41–
43]. With the improvements of the CMB temperature
and polarization fluctuation observations, the fact that
the primordial perturbations originated from different
choices of the initial conditions might imprint significant
influence on the CMB fluctuations at the large scales be-
comes a critical problem of consideration. The finite-
ness of the scale, energy density and temperature of the
Planck stage, to which the earliest preinflationary phase
is connecting as the onset for the cosmic expanding,
forces us to set the thermal ground state as initial condi-
tion for perturbation generating in the superinflation case
of the multiple- phase model. Similar arguments apply to
the bounce cases of the multiple-phase models, because
the scale factor of the universe in the initial contracting
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2phase might contract to the previously mentioned Planck
scale before it bounces into the expanding connecting to
the slow-roll inflationary stage. When different ground
states are adopted, it gives different results for pertur-
bation power spectrum. When the Planck temperature
and the Planck length are set as the initial temperature
and the initial scale, the evolution of physical tempera-
ture of the inflaton field in each period of the multiple
phase model and the physical temperature at the end of
slow-roll inflation can be obtained[44–51].
This paper is organized as follows. In Sect.II, we intro-
duce the scale factor evolution equation and the equation
of power spectrum. In Sect.III, we use power spectrum
equation to compute the three kinds of three-phase mod-
els, and discuss the adjusting role of model parameters on
the power spectrum. In Sect.IV, we discuss the multiple
phases model with thermal initial state, and compare the
influence of different thermal initial states. In Sect.V, we
discuss the temperature evolution of perturbation modes
in three-phase models. In sect.VI, there are the conclu-
sion and discussion.
2. PRIMORDIAL PERTURBATION OF
MULTIPLE PHASES MODEL IN BD VACUUM
Until now, the preinflationary physics are unclear. Re-
searchers’ various models explain our universe, but a lot
of important problems still are remaining open. As the
stage before slow-roll inflation is very important, the pre-
inflationary stage stimulats researchers to propose vari-
ous reasonable models, which had been able to explained
experiment data partly successfully. In this paper, we
assume that the preinflationary stage is consisted of mul-
tiple phases with single field. We define the inflationary
stage as phase 0, the nearest preinflationary phase as
phase 1, so forth and so on. If there are multiple phases
in preinflationary stage, we should consider the continu-
ity of the adjacent phases.
A. Multiple pases model of preinflation in BD
vacuum
As Ref. [19], the cosmological scale factor of phase i is
ai ∼ η
2
1+3ωi , or (−η) 21+3ωi , (2.1)
where η =
∫
dt/a is the conformal time; ωi = pi/ρi
(ωi 6= −1/3) is state parameter of phase i, with con-
stant value. The scale factor evolutions of the inflation-
ary stage and the phase i are given by Eq. (2.2) and Eq.
(2.3) below. Because scale factor a and Hubble constant
H are continuous transiting between adjacent phases, we
require the following continuity conditions Eq. (2.4) and
Eq. (2.5) between adjacent phases
a0(η) =
a0(η0)
1−Hinf · (η − η0) , (2.2)
ai(η) = ai(ηi−1)
[
1 +
1 + 3ωi
2
Hi(ηi−1) · (η − ηi−1)
] 2
1+3ωi
,
(2.3)
ai(ηi−1) = ai−1(ηi−1), (2.4)
a
′
i(ηi−1) = a
′
i−1(ηi−1), (2.5)
where, ηi is the onset time of phase i, also the ending
time of phase i + 1. The prime denotes the derivative
with respect to conformal time, and Hinf = H0(η0) is
the conformal Hubble parameter of phase 0. If we re-
quire that primordial perturbations are generated and
exit the horizon in the phase iit means the |Hi| had to
increase with time. Thus the following conditions must
be satisfied[19, 20],
ωi < − 13 for the expanding phase,
ωi > − 13 for the contracting phase. (2.6)
Eq. (2.6) is the criterion for the situation of phase i,
including slow-roll inflation. Without violating the null
energy condition ρ+p ≥ 0, we have −1 ≤ ωi ≤ 1 for field
potential energy V ≥ 0; ωi ≤ −1 or ωi ≥ 1 for V ≤ 0.
However, if we violated the null energy condition, the
value of ωi can be any value expected for ωi = 1. The
violation of the null energy condition will lead to ghosts,
which means that the the phases are instable, although it
can possibly be avoided by higher order derivative scalar
field, or modified gravity. We know that the bounce hap-
pens when ω goes from ω > −1/3 to ω < −1/3, which is
instantaneous process between adjacent phases in multi-
ple phases model. In the bounce cases, we can use the
ekpyrotic model and cycle model to avoid ghost. In the
superinflation, Ref. [27] shows that there is no ghost
instability. The state parameter of slow-roll inflation is
ω ' −1, and ω  −1 is very slowly expanding.
B. The power spectrum of preinflationary
perturbations in BD vacuum
As the curvature perturbation is generated in preinfla-
tionary stage with BD vacuum ground state, we should
consider the effect of preinflationary stage. For the ad-
jacent phases, we require it is continuous, and the varia-
tions between the adjacent phases are instantaneous, and
the perturbations are continuous in preinflation expected
to leave the horizon.
The equation of curvature perturbation derived from
scalar field is [28, 29]
v
′′
+ (c2sk
2 − z
′′
z
)v = 0 , (2.7)
where v ≡ zR, the prime is the derivative with respect
to conformal time, z ≡ a
√
2M2p /cs and  ≡ −H˙/H2 =
3(1 + ω)/2. In the superinflationary case, the absolute
3value of  should be taken. R is perturbation curvature
and we set c2s = 1 for simplicity.
In slow-roll inflation, we have
z
′′
0
z0
' 2H
2
inf
[1−Hinf (η − η0)]2 . (2.8)
The solution of perturbation Eq. (2.8) is
v0 =
√
−kηeff0 [C0,1H(1)3/2(−kηeff0)+C0,2H(2)3/2(−kηeff0)],
(2.9)
where ηeff0 = η−η0− 1Hinf , H
(1)
3/2 and H
(2)
3/2 is the (3/2)-
th order Hankel function of the first and second kinds,
respectively.
In the phase i of preinflation, we have
z
′′
i
zi
' (1− 3ωi)H
2
i (ηi−1)
2[1 + 1+3ωi2 Hi(ηi−1) · (η − ηi−1)]2
. (2.10)
The solution of Eq. (2.10) is
vi=
√
−kηeffi [Ci,1H(1)νi (−kηeffi) + Ci,2H(2)νi (−kηeffi)],
(2.11)
where νi =
3
2 | 1−ωi1+3ωi |, ηeffi = η − ηi−1 + 2(1+3ωi)Hi(ηi−1) .
H
(1)
νi and H
(2)
νi are the νi-th order Hankel functions of the
first kind and second kind, respectively.
When the perturbation mode k goes through the ad-
jacent phases, it must be continuous. Thus we have the
recursive relationship for coefficients Ci,1 and Ci,2[18](
Ci,1
Ci,2
)
=Mi,i+1 ×
(
Ci+1,1
Ci+1,2
)
=Mi,i+1 ×Mi+1,i+2 × . . .
×Mimax−1,imax ×
(
Cimax,1
Cimax,2
)
,
(2.12)
where Mi,i+1 is the 2× 2 matrix
Mi,i+1 =
(M11 M12
M21 M22
)
, (2.13)
in which matrix element of M satisfy the relationship,
M11 =
ipi
√
xy
8
{[−H(1)−1+νi+1(y) +H
(1)
1+νi+1
(y)]H(2)νi (x)
+ [H
(2)
−1+νi(x)−H
(2)
1+νi
(x)]H(1)νi+1(y)
+ (x−1 − y−1)H(2)νi (x)H(1)νi+1(y)},
M12 =
ipi
√
xy
8
{[−H(2)−1+νi+1(y) +H
(2)
1+νi+1
(y)]H(2)νi (x)
+ [H
(2)
−1+νi(x)−H
(2)
1+νi
(x)]H(2)νi+1(y)
+ (x−1 − y−1)H(2)νi (x)H(2)νi+1(y)},
M21 =
ipi
√
xy
8
{[H(1)−1+νi+1(y)−H
(1)
1+νi+1
(y)]H(1)νi (x)
− [H(1)−1+νi(x)−H
(1)
1+νi
(x)]H(1)νi+1(y)
− (x−1 − y−1)H(1)νi (x)H(1)νi+1(y)},
M22 =
ipi
√
xy
8
{[H(2)−1+νi+1(y)−H
(2)
1+νi+1
(y)]H(1)νi (x)
− [H(1)−1+νi(x)−H
(1)
1+νi
(x)]H(2)νi+1(y)
− (x−1 − y−1)H(1)νi (x)H(2)νi+1(y)},
(2.14)
where x = − 2k(1+3ωi)Hi(ηi) ,y = − 2k(1+3ωi+1)Hi+1(ηi) .
In the phase imax, according to Eq. (2.10), |ηimax |
is very large, we have the approximate condition k2 
z
′′
imax
zimax
, then the solution of Eq. (2.7) is
u ∼ 1√
2k
e−ikη, (2.15)
where the coefficients of phase imax are
Cimax,1 =
√
pi
2
√
k
, Cimax,2 = 0. (2.16)
Coefficients Ci,1 and Ci,2 satisfy the canonical normal-
ization constraint
4k
pi
(|Ci,1|2 − |Ci,2|2) = 1. (2.17)
The corresponding power spectrum of curvature pertur-
bations mode k is
PR = k
3
2pi2
|v0
z0
|2. (2.18)
Substituting Eq. (2.9) into Eq. (2.18), and requiring
|k(η − η0)− kHinf |  1, we get a universal formula
PR = PinfR
4
pi
k|C0,1 − C0,2|2, (2.19)
where PinfR = 12M2p (
Hinf
2pi )
2 is the standard slow-roll infla-
tion spectrum, and Hinf =
H0(η0)
a0(η0)
is the Hubble constant
of inflation, Hinf = H0(η0). The spectral index of the
scalar perturbations in multiple phases model is,
ns = 1 +
dlnPR
dlnk
= 1 +
dlnPinfR
dlnk
+
dln(k|C0,1 − C0,2|2)
dlnk
= ninf +
dln(k|C0,1 − C0,2|2)
dlnk
,
(2.20)
where, ninf is the spectral index of the slow-roll inflation,
and ninf is nearly unity in the data of WMAP.
3. THREE PHASE MODEL IN BD VACUUM
In this section, we use the universal formula Eq. (2.19)
to get the power spectrum of the multiple phase model.
Actually, if we only discuss the three phase model, ac-
cording to Eq. (2.3), the three phase model can be di-
vided into two kinds, the case of superinflationary and
4the cases with bounce. In superinflationary case, the
state parameters of all three-phase satisfy ωi < −1, e.g.
, every phase is expanding. Ref. [52], the reasonability of
superinflationary case had been discussed clearly. Mat-
ter with the parameter ω < −1 is named as phantom
matter. The expansion with ω  −1 is slow, while for
ω ∼ −1 it is rapid and can be regarded as phantom infla-
tion [53–57]. The reasonability of the cases with bounce
had been discussed clearly in Ref. [58]. For the ekpyrotic
or cyclic model without violating the null energy condi-
tion, ω  1, and then we can set ω  1 in our cases with
ghost-free [59]. The contracting with ω  1 is rapid. In
the first type of bounce, only the third phase is contract-
ing, and the rest of phases are expanding. In the second
type of bounce, the third phase and the second phase are
contracting, the first phase is expanding. It is worth not-
ing that all the cases, we discussed, are singularity-free
[60–65]. By computing different cases, we get different
power spectra.
In three phase model, imax = 3, we get the solutions
of Eq. (2.9) and Eq. (2.11)
v3 =
√
−kη + kη2 − 2k
(1 + 3ω3)H3(η2) ·
√
pi
2
√
k
·H(1)ν3 (−kη + kη2 −
2k
(1 + 3ω3)H(η2) )
=
√
pi
2
√
−η + η2 − 2
(1 + 3ω3)H3(η2) ·
H(1)ν3 (−kη + kη2 −
2k
(1 + 3ω3)H3(η2) )
v2 =
√
−kη + kη1 − 2k
(1 + 3ω2)H2(η1)
[C2,1H
(1)
ν2 (−kη + kη1 −
2k
(1 + 3ω2)H2(η1) )+
C2,2H
(2)
ν2 (−kη + kη1 −
2k
(1 + 3ω2)H2(η1) )],
v1 =
√
−kη + kη0 − 2k
(1 + 3ω1)H1(η0)
[C1,1H
(1)
ν1 (−kη + kη0 −
2k
(1 + 3ω1)H1(η0) )+
C1,2H
(2)
ν1 (−kη + kη0 −
2k
(1 + 3ω1)H1(η0) )],
v0 =
√
−kη + kHinf [C0,1H
(1)
3/2(−kη +
k
Hinf )
+ C0,2H
(2)
3/2(−kη +
k
Hinf )],
(3.1)
where, the conformal Hubble parameters are
H1(η) = Hinf
[
1 + 1+3ω12 Hinf · η
]−1
,
H2(η) = H2(η1)
[
1 + 1+3ω22 H2(η1) · (η − η1)
]−1
,
H3(η) = H3(η2)
[
1 + 1+3ω32 H3(η2) · (η − η2)
]−1
.(3.2)
By computing the recursive matrix, we get the solutions
of every phase, and then compute the specific power spec-
trum expression of every case. To compare the spectrum
of this case with the spectrum of slow-roll inflation di-
rectly, we define
P (η2, η1, ω3, ω2, ω1) =
PR
PinfR
=
4
pi
k|C0,1 − C0,2|2, (3.3)
where P (η2, η1, ω3, ω2, ω1) is the shape of the power spec-
trum, C0,1 and C0,2 are computed from C3,1 and C3,2 by
the following recursive matrix(
C0,1
C0,2
)
= M0,1 ×M1,2 ×M2,3 ×
(
C3,1
C3,2
)
= M0,1 ×M1,2 ×M2,3 ×
( √
pi
2
√
k
0
)
.
(3.4)
Next, we will compute the power spectra of specific cases,
and plot P (η2, η1, ω3, ω2, ω1) with specific cases in three
phase cases. So we can observe the influence of param-
eters in three phase model on spectra, and the Hinf is
determined by the amplitude of CMB fluctuation.
A. The superinflatinary case in BD vacuum
For an expanding universe, we know ω1, ω2, ω3 < − 13 ,
and all the ωi < −1 define the superinflationary case.
Due to the continuity of conformal Hubble parameter in
superinflationary case, we have
H1(η0) = H0(η0),H2(η1) = H1(η1),H3(η2) = H2(η2). (3.5)
According to Eq. (3.3), Eq. (3.4) and Eq. (3.5), we can
get the specific power spectrum corresponding to differ-
ent values of the parameters (η2, η1, ω3, ω2, ω1). In figure
1, we compare the influences of parameters in three-phase
model. In figure 1(a), with the increased |η2| value, the
blue curve is shown to have a lower valued first peak than
that of the orange curve, and also a left shift. With the
increased |η1| value, the green curve is shown to have a
higher valued first peak than that of the blue curve. In
figure 1(b), with the increased |ω3| value, the blue curve
is shown to have a lower valued first peak than that of
the orange curve, and also a left shift. With the increased
|ω2| value, the green curve is shown to have a higher val-
ued first peak than that of the orange curve, and also a
right shift. With the increased |ω1| value, the red curve is
shown to have a slightly right shift than that of the green
curve. In the three-phase model, the effect of parameters
5(a)the effect of η (b)the effect of ω
FIG. 1. the effect of parameters on spectrum in superinflation. Those parameters in figure.1 is (η2,η1,ω3,ω2,ω1)
is complicated. In figure 1(a), we only change one pa-
rameter at different curves. When we change the |η2|, it
means the phase 2 period will be longer, because |η2| is
very big. But when change the |η1|, it means periods of
phase 1 and phase 2 will be change at the same curves.
Thus we will choose the perfect rank for parameters by
comparing with the CMB data.
B. The first type bounce case in BD vacuum
In the first type bounce case, ω3 > −1/3, and
ω2, ω1, ω0 < −1/3. Due to the continuity in the first
bounce case, we have
H1(η0) = H0(η0),H2(η1) = H1(η1),H3(η2) = −H2(η2).
(3.6)
In the following figure 2(a), with the increased |η2|
value, the blue curve is shown to have a lower valued
first peak than that of the orange curve, and also a left
shift. With the increased |η1| value, the green curve is
shown to have a left shift first peak than that of the blue
curve. In figure 2(b), with the increased |ω3| value, the
blue curve is shown to have a lower valued first peak than
that of the orange curve. With the increased |ω2| value,
the green curve is shown to have a higher valued first peak
than that of the orange curve. With the increased |ω1|
value, the red curve is shown to have a lower valued first
peak than that of the orange curve. In the three-phase
model, the effect of parameters is complicated. Thus we
will choose the perfect rank for parameters by comparing
with the CMB data.
C. The second type bounce case in BD vacuum
In the second type bounce case, we know ω3, ω2 >
−1/3, and ω1, ω0 < −1/3. Due to the continuity, we
have
H1(η0) = H0(η0),H2(η1) = −H1(η1),H3(η2) = H2(η2).
(3.7)
In figure 3(a), with the increased |η2| value, the blue
curve is shown to have a higher valued first peak than
that of the orange curve. With the increased |η1| value,
the green curve is shown to have a lower valued first
peak than that of the blue curve, and also a left shift. In
figure 3(b), with the increased |ω3| value, the blue curve
is shown to have a lower valued first peak than that of the
orange curve. With the increased |ω2| value, the green
curve is shown to have a higher valued first peak than
that of the orange curve, and also a right shift. With
the increased |ω1| value, the red curve is shown to have a
lower valued first peak than that of the blue curve, and
also a right shift. In the three-phase model, the effect
of parameters is complicated. Thus we will choose the
perfect rank for parameters by comparing with the CMB
data.
Generally, depending on the value of ω, the three
phase model consists of superinflation, the first type of
bounce and the second type of bounce. We attempt
to study the influence of the multiple phase model on
preinflation, but different with Ref. [18]. We compute
the three phases, then we find that the influence of every
parameter is not simple as the two phase model. In two
phase model, one parameter only can affect the first peak
or the shift of spectrum, but in the three phase model,
one parameter can affect the first peak and the shift of
spectrum at the same time. The multiple phase model is
significance for the large-scale power deficit in CMB, but
there are some problems that the variations between the
adjacent phases are instantaneous and continuous, and
the influences of the parameters are complicated which
one can not describe clearly. However, there are so many
types of bounce and superinflation in the model, which
have more than three phases, that the calculation will
be hard to do. We want to get an equation which can
describe the variations of ω and η, but it needs more
6(a)the effect of η (b)the effect of ω
FIG. 2. the effect of parameters on spectrum in the first type bounce case. Those parameters in figure.2 is (η2,η1,ω3,ω2,ω1)
(a)the effect of ηi (b)the effect of ωi
FIG. 3. the effect of parameters on spectrum in the second type bounce case. Those parameters in figure.3 is (η2,η1,ω3,ω2,ω1)
calculations for bounce case and superinflationary case,
so that we can not do the multiple phase model well.
In addition, we can join the thermal background into
the multiple phase model, which can get a relationship
between the multiple phase model and the thermal
temperature.
4. THE MULTIPLE PHASE MODEL WITH
THERMAL INITIAL STATE
In the above sections, we introduce the multiple
phase model in BD-vacuum to solve the large-scale
power deficit, and compute the perturbations and power
spectra of three phase model with specific parameters.
In the superinflation case of the multiple phase model,
as the onset for the cosmic expanding, the phase imax
follows from the Planck stage, which is a physical state
with finite scale energy density and temperature, thus we
should consider the thermal ground state for generating
perturbation. In the bounce cases of the multiple phase
model, the scale factor a is contracting at first and then
expanding to the slow-roll inflationary stage. That the
ekpyrotic model, as one of the solutions to avoid the
ghost appearing in some of the bounce scenario, has a
corresponding ekpyrotic temperature [66], points to us
that we should also set the thermal ground state for
bounce cases. In this section, we compute the pertur-
bation power spectrum on thermal ground state. The
quantum statistics tells us, the effects of annihilation
operator and creation operator acting on thermal ground
state are different from acting on vacuum state. With
thermal state, we should consider the effect of boson
particle number. In the computing process, we find that
the model with the thermal ground state contribute only
a multiplying factor to the BD-vacuum power spectrum,
common for both of the bounce and superinflationary
cases. Next, we quantize the operator vˆ, and discuss the
influence of thermal ground state.
7A. The perturbation quantization under thermal
initial state
Quantizing the operator vˆk, we have
vk → vˆk(η) = vk(η)aˆk + v∗−k(η)aˆ†−k, (4.1)
where the annihilation operator and creation operator of
mode k, (aˆk, aˆ
†
−k), satisfy the commutation relation
[aˆk, aˆ
†
k′
] = (2pi)3δ3(k − k′). (4.2)
Operators vˆk satisfy the relation
i
~
(v∗kv
′
k − v∗
′
k vk) = 1. (4.3)
In the universal evolution, for every perturbation mode
k, the annihilation operator and creation operator of the
initial state have relevance with the annihilation operator
and creation operator of the final state
bˆk = c+(k)aˆk + c
∗
−(k)aˆ
†
−k, bˆ
†
k = c−(k)aˆ−k + c
∗
+(k)aˆ
†
k,
(4.4)
where (aˆk, aˆ
†
−k) are the annihilation operator and cre-
ation operator of initial state |in >, and (bˆk, bˆ†−k) are the
annihilation operator and creation operator of final state
|out >. In Eq. (4.4), the values of Bogoliubov coefficients
c± depend on cosmological background geometrical dy-
namics, and satisfy |c+|2 − |c−|2 = 1. In our paper, we
set the beginning of our model in state |in >, and the
ending in state |out >. It’s worth noting that we get a
simple factor which shows the influence of thermal initial
state on power spectrum, by comparing BD vacuum case
and thermal initial state case.
When the state |in > is BD vacuum state, we have
aˆk|in >= aˆk|0 >= 0. The corresponding particle number
of state |out > is
N¯k =< 0|bˆ†k bˆk|0 >= |ck|2. (4.5)
The power spectrum of scalar field perturbation is
< 0|RˆkRˆk′ |0 >=
v2k
z2
. (4.6)
Actually we compute the spectrum of v0.
PR = k
3
2pi2
|Rk|2 = k
3
2pi2
|v
2
k
z2
|2. (4.7)
Eq. (4.7) can be written as
PR = k
3
2pi2
|v0
z0
|2. (4.8)
When the initial state is thermal initial state, but not
BD vacuum, we have
aˆ†kaˆk|in >= aˆ†kaˆk|T >= nk|T >, (4.9)
where particle number nk =
1
ek/T −1 , T is conformal tem-
perature of initial state. Thus the particle number of
state |out > has been changed [67]
N¯k =< T |bˆ†k bˆk|T >= |c−(k)|2(1 + nk) + nk(1 + |c−(k)|2)
' |c−(k)|2coth
(
k
2T
)
.
(4.10)
The particle number of thermal initial state get a factor
coth
(
k
2T
)
more than BD vacuum initial state. We also
easily get the perturbation spectrum of scalar field in
thermal initial state
< T |RˆkRˆk′ |T >= |
v0
z0
|2coth
(
k
2T
)
, (4.11)
PR = k
3
2pi2
|v0
z0
|2coth
(
k
2T
)
. (4.12)
Obviously, the perturbation spectrum of thermal initial
state has a factor coth( k2T ) more than BD vacuum state.
The above quantized process, which is independent with
the preinflationary model, is valid for boson on thermal
ground state. Thus we can use the same process to com-
pute the power spectrum of the multiple phase model on
thermal ground state and the specific three-phase cases
on thermal ground state with conformal temperature T .
B. The power spectrum of three-phase model with
thermal initial state
In the above discussion, we get the power spectrum of
multiple phases on thermal ground state by multiplying
the power spectrum of BD vacuum state with coth( k2T ).
Thus we discuss the effect of the thermal ground state
on the three phase model with specific parameter values
P (η2, η1, ω3, ω2, ω1, T ) = PRPinfR
=
4
pi
k|C0,1 − C0,2|2 coth
(
k
2T
)
.
(4.13)
The factor coth
(
k
2T
)
at right-hand side, coming from
thermal ground state, enhances the power spectrum at
large-scale. We can constrain the value of T by compar-
ing the power spectrum with CMB observations.
In Figure. 4, we compare the BD-vacuum ground
states with different thermal ground state for the three
phase cases. We want to get an appropriate temperature
range for every case. In the figure. 4, for the specific
parameters, when T < 0.15Hinf , compared with the
BD-vacuum ground state, the effect of thermal ground
state on the first peak of power spectrum can be ig-
nored. When the conformal temperature is higher than
0.15Hinf , the power spectrum will be enhanced, and with
the increase of the conformal temperature T , the en-
hancement of the power spectrum is more significant.
8(a)superinflation (b)the first type bounce (c)the second type bounce
FIG. 4. comparing the three phases model in BD-vacuum state with thermal state, the parameters of the multiple phases
model is (η2, η1, ω3, ω2, ω1). In (a), superinflation with (−100,−10,−3,−7/3,−1.05); in (b), the first type bounce with
(−20,−10, 1,−5/3,−1.1); in (c), the second type bounce with (−100,−10, 2, 1,−1.1,−1).
This is common for all the three cases i.e., superinfla-
tionary case, the first type of bounce case and the second
type of bounce case. We use thermal ground state and
the three-phase model of preinflation to explain the large-
scale power deficit in CMB observations. Therefore, for
the three phase model with specific parameters, we have a
corresponding range of conformal temperature T , which
will make the power spectrum agree well with CMB ob-
servations. It is important to adjust the parameters of
the three phase model at a given specific conformal tem-
perature T of the thermal ground state, for the power
spectrum of the thermal ground state to agree with the
observation.
5. THE TEMPERATURE EVOLUTION OF
INFLATON PERTURBATIONS
Now, we discuss the physical temperature evolution
T (η) of the multiple phase model in the thermal ground
state. In discussing the scalar field, we have T = aT for
the massless inflaton, and the T is constant. Thus, in
the multiple phases model of preinflation, we have
T = a(η)T (η) = ai(η)Ti(η) = constant, (5.1)
where, we know T ∼ 1a , from Eq. (2.6) so we have
ωi < − 13 , Ti is descending in phase i,
ωi > − 13 , Ti is increasing in phase i,(5.2)
where Ti is the physical temperature of inflatons in phase
i. Because the value of T is unclear, the value of Ti is un-
clear. If we know the values of physical temperature and
scale factor at a given time, we know the value of confor-
mal temperature. In multiple phase model, considering
Eq. (5.1) for the preinflationary stage and inflationary
stage, we have
T0(ηend)
Ti(η)
=
ai(η)
a0(ηend)
=
ai(η)
a0(η0)
× a0(η0)
a0(ηend)
, (5.3)
where, ai(η) is the evolving scale factor in preinflationary
phase i, the η0 is the onset of inflation, ηend is the ending
of inflation and the onset of reheating, and T0(ηend) is
the physical temperature at the ending of inflation. In
Eq. (5.3), we get the relation of Ti(η) in preinflationary
stage with the ai(η)a0(η0) , because
a0(η0)
a0(ηend)
' e−N , (5.4)
ηend ' 1− e
−N
Hinf . (5.5)
We get the relation between ηend and Hinf , if we have
the specific value of e-folding number N , which is con-
strained to be above a lower bound determined by the
CMB observations. After substituting Eq. (5.4) into Eq.
(5.3) , we have
ai(η)
a0(ηend)
' ai(η)
a0(η0)
× e−N . (5.6)
Substituting Eq. (5.6) into Eq. (5.3), we have
Ti(η) ' T0(ηend)× a0(η0)
ai(η)
× eN . (5.7)
From Eq. (2.2) and Eq. (2.3), we have
ai(η)
a0(η0)
=
ai(η)
ai−1(ηi−1)
× ai−1(ηi−1)
ai−2(ηi−2)
× · · · × a1(η1)
a0(η0)
, (5.8)
where, for a general term
aj(η)
aj−1(ηj−1)
, we have
aj(η)
aj−1(ηj−1)
=
[
1 +
1 + 3ωj
2
Hj(ηj−1) · (η − ηj−1)
] 2
1+3ωj
,
(5.9)
9and substituting Eq. (5.9) into Eq. (5.8), we have
ai(η)
a0(η0)
=
[
1 +
1 + 3ωi
2
Hi(ηi−1) · (η − ηi−1)
] 2
1+3ωi
×
[
1 +
1 + 3ωi−1
2
Hi−1(ηi−2) · (ηi−1 − ηi−2)
] 2
1+3ωi−1
× · · · ×
[
1 +
1 + 3ω1
2
H1(η0) · (η1 − η0)
] 2
1+3ω1
,
(5.10)
where, the Eq. (5.10) is applicable for cases of any
number phases. The relations between the conformal
Hubble parameters Hi(η) in Eq. (5.10) are given as
H0(η) = Hinf1−Hinf ·η ,
Hi(η) = Hi(ηi−1)
1+
1+3ωi
2 Hi(ηi−1)·(η−ηi−1)
. (5.11)
From here, we can get Hi(ηi) from Ho(η0). Thus, it can
be seen that Ti(η) is dependent on the parameters ηi, ωi
and the values of Hinf and N .
Now we discuss the specific three-phase model with
thermal initial state. For i = 3,
T3(η) ' T0(ηend)× a0(η0)
a3(η)
× eN . (5.12)
In the superinflation cases, the onset of phase 3 is the
ending of Planck stage, so the value of T3(η3) is about
the scale of Planck temperature Tp = mpc
2/kb with
mp =
√
~c
G , and the value of a3(η3) is about the scale
of Planck length lp =
√
~G
c3 . Thus the value of conformal
temperature is T = a3(η3)T3(η3) ∼ ~c/kb. For the spe-
cific case with given values of parameters, with a given
value N , we get the approximate value of the physical
temperature To(ηend), which is the temperature of infla-
tons at the onset of reheating. From Eq. (5.12), one
has
T0(ηend) ' a3(η3)T3(η3)
a0(η0)
· e−N ' ~c
kba0(ηend)
. (5.13)
In the bounce cases, if the scale factor a(η) shrinks to
Planck scale before the onset of the earliest expanding
phase, by the same mathematics as the superinflation
cases, we get the same physical temperature To(ηend) '
~c
kba0(ηend)
. If the universe does not shrink to Planck scale
before the onset of the earliest expanding phase, accord-
ing to the Eq. (5.12), the value of To(ηend) will depend
on the physical temperature and the scale factor of the
universe at the onset of the earliest expanding phase of
specific model.
6. CONCLUSION AND DISCUSSION
The large-scale power deficit in CMB TT-mode spec-
trum implies that there may exist some unclear periods
before inflation. The multiple phase model[18], discussed
above, can suppress the power spectrum on large-scale
mode. In our work, according to the general framework
of the multiple phase model, we analyse the three phase
model, which introduces three phase in the preinflation-
ary period. For the multiple phase model of single field,
the evolution equation of scale factor ai for phase i is
constraint by the state parameter ωi. Thus, depending
on whether the phase i is expanding or contracting, the
multiple phases model can be divided into two types, the
superinflationary case and the bounce case. In the three
phase model of preinflation, we have one superinflation-
ary case and two bounce cases. By comparing the shapes
of the ratio function between the power spectrum of three
phase model and the power spectrum of slow-roll infla-
tion, we get the relation of the large-scale power deficit
in CMB TT-mode spectrum with the parameters of the
specific three phase model. In the three phase model, be-
ing generated in phase 3, and leaving the horizon when
k = Hinf , the perturbation mode is continuous between
adjacent phases. In the equation of curvature pertur-
bation, we set c2s = 1 for simplicity. Then we compare
the power spectrum at different parameter values in BD
vacuum to get the appropriate value for CMB TT-mode
spectrum.
As the onset for the cosmic expansion in the superin-
flationary case of the multiple phase model, the phase
imax follows from the Planck stage. Because the Planck
stage is a physical state with finite scale energy den-
sity and temperature, it requires us to consider the ther-
mal ground state for perturbation generating. The scale
factor a is contracting at first before expanding to the
slow-roll inflationary stage in the bounce cases. For the
bounce cases, we also consider the thermal ground state.
When different ground states are being acted upon by
the creation and annihilation operator of each mode k, it
gives different results for perturbation power spectrum.
For the perturbation quantization in the thermal ground
state, we work with the ground state corresponding to
non-zero particle number of bosons. Then we find that
the introduction of the thermal ground state with fi-
nite conformal temperature contributes only a multiply-
ing factor to the BD-vacuum power spectrum, common
for both of the bounce and superinflationary cases. The
introduction of thermal ground state will enhance the
power spectrum for the large-scale mode, but it does not
influence the power spectrum for the small-scale mode.
For the three phase model with specific parameters, there
is a corresponding range of conformal temperature T that
makes the power spectrum agree well with CMB obser-
vations.
According to the conformal temperature at the pertur-
bation production, we can get the evolution of physical
temperature Ti of inflaton in each period of the multiple
phase model. In the superinflationary case of three phase
model, the Planck temperature and the Planck length
being set as the initial temperature and the initial scale,
the physical temperature at the end of slow-roll infla-
10
tion can be obtained by the scale factor evolution[44]. In
the bounce cases, the physical temperature at the end of
slow-roll inflation will depend on the physical tempera-
ture and the scale factor of the universe at the onset of
the earliest expanding phase of specific model[60].
Some relevant problems are worthy of further consid-
erations. For the perfect fluid, c2s = ωi, in the phase i,
where ωi is constant. The equation of curvature pertur-
bation with c2s has been studied[68, 69], and we expect
to study the effect of c2s on adjacent phases and the in-
fluence on the power spectrum in preinflationary period.
We can study the influence of the scalar field energy on
the reheating process in the framework of multiple phase
model. Also we can study the influence of curvature per-
turbation on cosmic anisotropies after slow-roll inflation
in multiple phase model with BD vacuum state and the
thermal initial states. It is hoped to find an equation
for describing the continuous variation of state parame-
ters in preinflationary stage that hence can be applied to
describe more natural variation of the scale factor along
the whole process of the universe evolution. The model
describing the contraction of the universe needs more
detailed discussions. The prospects of accommodating
multiple-source observational data requirements for the
framework of multiple-phase inflation model present very
promising.
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